The Cassini spacecraft revealed the spectacular, highly irregular shapes of the small inner moons of Finally, we show that this mechanism may also explain the formation of Iapetus' equatorial ridge 8 , as well as its oblate shape 9 .
formation by gradual accretion of small aggregates of ring material onto a proto-moon. The later scenario would result in Roche ellipsoids 3, 5 , not consistent with the observed shapes of the small moons. For instance, while Atlas and Pan require a mechanism that makes their shapes flatter 5 , Prometheus is overelongated and its long axis extends beyond the Roche lobe 3 .
Here we develop a model for the late stages of the formation of the small inner moons of Saturn from Pan to Janus and Epimetheus, assuming that they formed in the pyramidal regime 4, 7 . We investigate if the shapes resulting from the final collisional mergers are consistent with the current shapes of these moons.
To this end, we combine N-body simulations to estimate the possible range of impact angles and velocities between the precursors of a given moon, and Smooth Particle Hydrodynamics (SPH) simulations to obtain the outcome of the collisions.
For low-velocity impacts, which are expected given the range of eccentricities and semi-major axis of the small Saturnian satellites (e<0.01, a~140000 km), the shape resulting from a collision depends on the impact angle θ, the angle between the relative position and relative velocity of the moonlets, and the ratio Vimp/ Vesc between the impact velocity and the mutual escape velocity 12 . Considering similar-sized moonlets of low density (ρ = 700 kg/m 3 ) and of semi-major axis a = aAtlas, this ratio can be estimated as Vimp/Vesc ~ 0.58e/µ 1/3 (see Methods) , where e = max(e1,e2) is the eccentricity of the moonlets prior to collision, and µ = (m1+m2)/mSaturn is the mass ratio between the colliding moonlets and Saturn. Using the current masses and eccentricities of the small moons, we obtain Vimp/Vesc~3.0 for m1+m2 = mAtlas, ~1.9 for mPrometheus and ~3.9 for mPandora. There is a priori no reason to believe that the eccentricity during the mergers was comparable to the current eccentricity of the moons. We show, however, that it was probably the case: although the collisional growth of the moonlets efficiently damped their eccentricity, and the oblateness of Saturn prevented their excitation through secular perturbation from the main moons (Methods), their eccentricity would increase prior to collision: as the semi-major axes of two moonlets get close, they enter a chaotic area due to the overlap of first-order mean-motion resonances 13, 14 . We studied the evolution of the eccentricity in this area in the case of µAtlas, µPrometheus, and µJanus, using numerical integration of the 3-body problem, taking into account the oblateness of Saturn (the effects of the rings and tides are negligible on the considered timescale 11, 15, 4 )(see Methods). We found that the eccentricities rapidly reach 3µ 1/3 <eexc<9µ 1/3 , values that are comparable to the current eccentricities of the small moons. As the excited eccentricity is proportional to µ 1/3 , this leads to collisions in the range 0<Vimp/Vesc≤5, regardless of the size of the considered moonlets. For Atlas-like objects, these calculations indicate typical impact velocities of order of a few 10 m/s.
We explore the outcome of such low-velocity (comparable to a few times the escape velocity) collisions among similar-sized moonlets using a three-dimensional SPH code 16, 17, 18 (Methods). Our code includes sophisticated models for material strength and porosity, effects not considered in previous studies 5, 6, 19 . We investigate a range of target-to-impactor mass ratios m1/m2, impact angles θ, and velocities Vimp. The small moonlets are modeled as porous self-gravitating aggregates with densities of ρ = 500 -700 kg/m 3 and radii of R1 ~ 11 km. Since the small moons are located very close to Saturn, at or within the Roche distance, tidal effects are significant 19 and are included (Methods). Our three-dimensional SPH calculations show that only collisions with a close to head-on impact angle lead to merging into a stable structure (Figures 1   and 2 ). Impacts with slightly larger impact angles lead to elongated, rotating structures which are split subsequently into two components. Because of the small Hill radius (RHill/R1 ~ 1.7 at a distance of ~1.4 10 8 m assuming a density of ~ 700 kg/m 3 ), they quickly become unbound and separate. For even more oblique impact angles, collisions lead to hit-and-run events with not much interaction 20 . The transition from merging to non-merging collisions can be defined as a function of the angular momentum 12 as given by the relative velocity Vimp and the impact angle θ (Figure 2 ).
For random coplanar orbits, the frequency function of the impact angle θ is given by dP = cos(θ) dθ (see Methods). This distribution is hence maximum for head-on collisions, which favors the merging of the moonlets. However, as the merging domain is rather narrow (Figure 2 ), it is probable that a moonlet pair undergoes a few hit-and-run collisions before the final merger, changing their mass ratio in the process.
Directly prior to the first collision, and during the hit-and-run phase, the moonlets are on intersecting orbits in the inner part of the previously discussed chaotic area. Given that the time scale between collisions is significantly shorter than any perturbation (a few 10 4 years, see Methods), we assume that the gravitational interaction between the moonlets dominates their dynamics. To estimate their mass ratio at the time of merging, along with Vimp/Vesc and q, we hence designed a model that takes into account the gravitational interactions between the two moonlets and Saturn, the oblateness of Saturn, and the collisions between the moonlets. When a collision occurs, Vimp/Vesc and q are compared to the domains defined in Figure 2 (a). In the case of non-merging collisions, the mass ratio m1/m2 after the collision is derived from the SPH collision model (Methods), and the new velocities are computed considering an elastic collision with dissipation 21 (Methods). We point out that in the case of Pan, we would need to model the rings as well to check if the eccentricity of the moonlets is excited to the same degree prior to collision. We note, however, that the chaotic area and the radial excursion corresponding to the considered eccentricities is comparable to the size of the Encke division (~300 km). Pan's precursors could hence have been on slightly eccentric orbits prior to collision without encountering ring material.
The model was run for different initial distributions of eccentricity, with m1/m2=6/5 and m1+m2=mAtlas as initial condition. However, it can be used to describe the formation of the other small inner moons as well, because for the size range of these small bodies, the results are scale-free for a given mean density and semi-major axis (Methods). In each case, we randomly selected 10 4 initial conditions on intersecting orbits, such that 95% of the systems either merged or exceeded a threshold mass ratio within 10 5 years. We set this threshold to m1/m2~7/4 as it is roughly the limit for which the formation of an equatorial ridge by merging of similar-sized bodies is still feasible (Figure 3 ). Because the size of the moonlet is comparable to its Hill sphere, ejections due to scattering events are extremely rare. For the systems that exceeded the threshold mass ratio before the final merger, we assume that the disruption/re-accretion processes occurring during the multiple collisions tend to produce featureless/random shapes within the Roche lobe, as it is the case for Pandora, Janus, and Epimetheus.
The distribution of Vimp/Vesc and q for the mergers occurring with m1/m2<7/4 are shown in Figure 2 . These mergers occur typically after 1-2 merge-and-split or hit-and-run collisions. These collisions lead to a stable while Pandora, Janus and Epimetheus do not. For completeness, the effect of inclination of the moonlets was also investigated. Inclination comparable to the current value for Atlas does not change significantly the ratio of successful merger, however it shifts Vimp/Vesc toward lower values as it slightly increase the probability of hit-and-run encounters (see Methods).
The extended ridges observed on Saturn's small moons represent very smooth terrains, while the main bodies not covered by the ridge show more rocky/rough terrain 2 . In collisions, smooth terrain may result from ejecta reaccumulation as well as restructuring due to large deformations of the original surface (Methods). According to our model, for bodies resulting from ridge-forming mergers, such material (white in Figure 3 ) is mainly focused at the equatorial areas. The bulk densities resulting from the mergers are around ρ = 400-600 kg/m 3 (Methods), in agreement with the observations 22 . These results suggest that the spectrum of structural features observed on Saturn's small moons -from flattened objects with extensive ridges to over-elongated shapes -can be explained by the final pairwise accretion of comparablesized moonlets, supporting the pyramidal regime formation scenario 4, 7 , and suggest that no other significant process changed the shape of the small moons since the pyramidal regime. Our study also implies that hit-and-run collision between similar-sized objects were frequent throughout the formation of the small inner moons. Such an event was proposed to generate the F ring 6 . Although a hit-and-run event between Prometheus and Pandora was previously considered to explain the origin of the F ring, in our model the F ring material could originate from the hit-and-run collision of the precursors of Prometheus, then be trapped in the stability area between Pandora and Prometheus after the merging of the precursors.
The unique shapes of the small Saturnian moons are a consequence of the near-coplanarity of the system.
The current inclinations of Jupiter's small moons, for example, do not favor head-on collision and hence make the merger of similar-sized moonlets inefficient. The similarity between the shapes of Amalthea and Prometheus, however, suggests a common origin for these objects, and would imply that the inclination of Amalthea's orbit evolved after its formation, perhaps crossing resonances with Io
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. The mid-sized Saturnian moons have also been proposed to have formed in the pyramidal regime 4, 7 . Although the features we produce here are not observed on most of them, our study does not contradict this scenario: the current inclinations of these moons would favor multiple collisions before the final merger, which may produce featureless/random shapes. Moreover, the mass of these objects is large enough that their shapes have evolved closer to hydrostatic equilibrium. Finally, these moons are older and it is difficult to infer if the pyramidal regime would have been the last process to significantly affect their shapes.
Interestingly, Iapetus is the only large moon that displays an oblate shape and possesses an equatorial ridge, although this moon was not proposed to have formed in the pyramidal regime 7 . Its ridge was previously suggested to have formed either by endogenic or exogenic processes [24] [25] [26] [27] [28] [29] . To explore if these features can result from the merging of similar-sized bodies, we performed additional collisional simulations with sizes and densities adjusted for the Iapetus case (Methods). We note that tidal forces are negligible at Iapetus' location. Our modeling results suggest that Iapetus' oblate shape as well as the equatorial ridge may be a result of a merger of similar-sized moons, taking place with velocities around Vimp = 1.2-1.5 Vesc and a close to head-on impact angle ( Figure 4 ). The probability for such an impact is difficult to estimate, as it may not have occurred on the current orbit of the moon. We note, however, that if the peculiar shape of Iapetus is due to the merging of similar-sized bodies, possibly after a series of hit-and-run encounters, its precursors must have been on a similar orbital plane. In that case Iapetus probably formed before gaining its significant inclination with respect to Saturn's equatorial plane, or out of bodies that had another common dynamical White regions correspond to highly strained / ejected material (total integrated strain > 1), smoothed material; while dark regions indicate less affected, original surface. The simulations were carried out to t ~ 17 h (>= one orbital period). At this time the objects produced in the collisional mergers are not yet aligned with the orbital plane, but will be reoriented later on due to the torques resulting from the tidal forces. where is the colatitude, r is the distance from the moonlet to the center of Saturn, "#$ is the equatorial radius of Saturn and is the universal constant of gravitation. The integrations were performed using the variable-step integrator DOPRI (Runge-Kutta 8 (7)).
Secular perturbation from the main moons
The secular perturbations induced by one of the main Saturnian moons on a moonlet near the rings of Saturn can be estimated by the Laplace-Lagrange solution of the secular problem generalized to take into account the oblateness of the central body 31 . Considering the first order in J2, we checked the effect of Mimas (the innermost main moon) and Titan (the largest), on both Atlas (closest to Saturn) and Epimetheus (the outermost considered small moon); in each case, the forced eccentricities due to the secular perturbation are lower than 10 -5 . The effects of the main moons can hence be neglected as long as the considered semi-major axes are not too close to the 3:2 and 4:3 mean-motion resonances with Mimas (currently located at ~141500 km and ~153000 km, respectively).
Eccentricity excitation in the chaotic area
In the case of the coplanar 3-body problem, for initially circular orbits, the moonlets will be in the chaotic area due to the overlap of first-order mean-motion resonances (MMR) if their semi-major axis aj sat- 
Estimation of the ratio Vimp/Ve
The mutual escape velocity of two moonlets of equal mass m1=m2= mSat/2 is given by:
, where R1 and R2 are the radius of m1 and m2 in the case of spherical bodies and r is the mean density of the moonlets. At the considered densities (r ~ 500 -700 kg/m 3 ) the Hill radius of the moonlets is comparable to their physical radius; the impact velocity Vimp is hence comparable to the relative velocity. At a given eccentricity, the impact velocity can be estimated by:
We hence obtain: 
Collision modeling
To model the collisions we use a smooth particle hydrodynamics (SPH) impact code 35, 17, 18 . This code includes self-gravity and is especially suited to modeling collisions between rocky/granular bodies.
We assume that the moonlets are spherical, cohesionless porous low-density aggregates. In the model, a pressure dependent shear strength (friction) is included by using a standard Drucker-Prager yield criterion 18 .
Granular flow problems (of cohesionless material) are well reproduced using this method 18, 36 . A coefficient of friction µ = 0.8 37 is used. Porosity is modeled using a P-alpha model with crush-curve parameters corresponding to pumice
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. We use the Tillotson EOS with a reduced bulk modulus of A = 2.7x10 8 Pa (leading term in the EOS) to take into account the smaller elastic wave speeds in porous materials compared to solid rock. We note that for the impact velocities considered here (up to a few 10 m/s), no significant heating occurs and the bulk modulus together with the crush-curve parameters solely define the material response in compression. To include tidal effects, we use the linearized equation of motion in a rotating Cartesian coordinate system 39 orbiting around Saturn. The colliding small moonlets are assumed to have a tidally locked rotation state, i.e., they have zero spin in the rotating coordinate system.
We use an x-axis pointing away from Saturn, the y-axis tangential to the direction of motion, and the z-axis perpendicular to the orbital plane. This yields the following forces per unit mass, which are added as external accelerations in each time-step to the SPH particles:
where
, G is the gravitational constant, and a is the distance to Saturn. In our nominal case a is set to 1.33x10 8 m and the impact geometry is oriented so that the bodies are moving along the xaxis prior to the collision. The effects of the strength of the tidal force as well as the orientation are shown in Supplementary Figure 2 .
Previous studies of small body collisions suggest that structures resulting from large-scale collisions may have an increased porosity 38, 39 . We therefore start with bodies with initial bulk densities (ρ = 700 kg/m 3 )
which are slightly larger than those observed for the small moons (ρ ~ 500 kg/m 3 ). It has been suggested that the small moons formed from accretion of ring debris around a denser core of ρ ~ 900 kg/m 3 , but the shapes of the moons are also consistent with a homogenous structure 3 . Here, we assume an intermediate density (and initially homogenous structure) for the colliding moonlets. The structures resulting from merging collisions have non-homogenous density distributions and average densities lower than the initial ones, as discussed below.
We first investigate the possible evolution of the spherical shapes of the individual bodies under the influence of self-gravitation and tidal forces. We find that these bodies, supported by the pressure-dependent shear strength (friction), keep their spherical shapes, and we therefore use initially spherical bodies in our simulations.
After non-merging hit-and-run collisions, the bodies may not be perfectly spherical any more, which could affect the outcome of the subsequent merger. Due to computational limitations, it is not possible to systematically track and compute all the shapes resulting from hit-and-run events. We compute for one characteristic case (with m1/m2 = 1.125, Vimp/Vesc = 2, θ = 45°) the post hit-and-run shape of the largest remnant. This shape is then used to study the outcome of a merger of two irregularly shaped bodies (using m1/m2 = 1, Vimp/Vesc = 2, θ = 90°). We find that the main features (large-scale ridges) are similar as in the case of a merger of spherical bodies with otherwise the same initial conditions (Supplementary Figure 3) .
Post-impact analysis

Properties of merged bodies
We compute the total strain experienced by the material during the final collision by integrating the second invariant of the strain-rate tensor for each SPH particle (over the entire simulation). We use this measure to distinguish between highly sheared (integrated strain > 1), possibly fined-grained material, and material which was less affected (integrated strain < 1), and kept its original properties. Material that was ejected and reaccumulated on the final merged structure has undergone high strains (>> 1). We note that the potential (small) deformations experienced during the previous hit-and-run events are not considered in these calculations.
As found in previous studies 12 , the low velocity collisions considered here do not lead to any significant compaction. However, several mechanisms, such as shear dilatation or the ejection of material followed by reaccumulation, can lead to a final bulk density which can be significantly lower than that of the colliding bodies 40,41 .
To estimate the final density of the merged structure, we assume that the highly strained material (>1) experienced an increase of porosity either due to shear dilatation 44 We note that this analysis is performed as a post-processing step; the bodies shown in Figures 1-4 are based on the original densities. As a result, the material shown in white would have a larger volume and therefore the ridges would be slightly more pronounced.
Change of mass ratio in collisions
In the case of the non-merging collisions, the post-impact mass ratio mr' depends on the initial mass ratio mr as well as the impact parameters. We perform a set of simulations using different initial mass ratios to determine the change of the mass ratio in non-merging collisions as a function of impact angle and velocity.
This allows for an empirical determination of mr'=f(mr) in different areas of the parameter space with varying degree of interaction.
The post-impact mass ratio is estimated by computing the masses of the largest two remnants after separation, considering SPH particles which are part of the individual bodies. For this, all accreted SPH particles with ρ / ρ0 > 0.7 (where ρ0 is the initial bulk density) are considered in the calculation of the mass; the lower density ejecta are not counted as part of the body.
While the transition from merging to non-merging collisions is relatively well defined by the angular momentum given by the collision geometry and velocity, the mass ratios resulting from the non-merging collisions have a more complex dependence on the impact parameters. In addition to the angular momentum, the strong tidal and Coriolis forces lead to a highly non-linear behavior. Collisions close to the merging / non-merging boundary typically lead to an initial merging of the two bodies, resulting in an unstable configuration which leads to a subsequent splitting into two components. On the other hand, collisions taking place far from the transition line show the characteristics of a typical hit-and-run event, with not much interaction between the two bodies.
The relative change of the mass ratio in the non-merging collisions is shown in Supplementary Figure 4 as a function of impact angle and normalised velocity. We can roughly define three zones to characterize the relative change of the mass ratio in a non-merging collision, corresponding to different degrees of change.
For each zone, we compute the average relative change of the mass ratio. Supplementary Figure 5 shows the dependence of the relative change of mass ratio as a function of the initial mass ratio for the three different zones. We find that the linear function (mr'-mr)/mr = ar (mr-1) reproduces well the dependence on the initial mass ratio in the considered range. Here, mr = m1/m2 is the mass ratio before the collision and mr' = m1'/m2' is the mass ratio after the collision. The best fit values are ar = 0.11 (zone 1); ar = 0.65 (zone 2); and ar = 2.81 (zone 3) . Using the linear function as defined above for the different zones, we can compute the post-collision mass ratio as follows:
mr' = mr (ar (mr -1) + 1)
Merging probability
Hit-and-runs
The collisions occurring in the hit-and-run regime are treated as inelastic collision with dissipation 21 with a damping factor of 0.8 in the normal direction and 1 in the tangential direction, typical for the collision of rubble piles of the considered density 21, 42 . The new mass ratio between the moonlets is computed using the relations given in the previous section.
Initial conditions
We explore the effect of a different distribution of eccentricity that accounts for different durations spent in the chaotic area. For the cases displayed in Figure 2 , 10 4 initial conditions were randomly chosen as following: the initial eccentricities e1 and e2 follow the distributions e1(t=10 k yr) and e2(t=10 k yr) that represent the eccentricity distributions of two bodies on initially circular orbits that remained for t=10 k years in the chaotic area. It is the mean values of these distributions that are represented in Supplementary Figure 1 (d) . The semi-major axes are then randomly chosen in order for the moonlets to be on intersecting orbits: a1=aAtlas, and a2 in [a1+RHill+RImpact, a1(1+e1+e2)+RHill+RImpact]. Finally, the mean longitudes and longitude of pericenter are randomly chosen in [0,2p).
Comparison of the Atlas and Prometheus cases
We verify that the dynamical study is scale-free for a given mean-density and semi-major axis by comparing the outcomes of the cases m1+m2=mAtlas and m1+m2=mPrometheus. The initial distribution of eccentricity is taken at t=10 5 years in the case of Atlas (the nominal case described in the paper) and the correspond- Figure 6 ).
Effect of inclination
For a random impact in 3D, the probability function dP for the impact angle q is given by 43 dP=sin (2q) dq, giving a maximum probability of impact at q=45°. Let us adapt the reasoning to the 2D case.
Consider a meteoroid approaching a massless sphere of radius r. If both objects are coplanar, within a segment of length 2r, all points of intersection of the path of the meteoroid with a plane perpendicular to its path are equally probable, and the total probability P is given by:
The differential probability with which the meteoroid will pass through a point at a distance x from the centre of this segment, where 0 ≤ x ≤ r, is:
and we have:
As dx=r cos(q) dq, we obtain dP=cos(q) dq, yielding a maximum probability for head-on impact q=0°.
In terms of impact angle probability, the system can be considered fully 2-dimensional as long as the vertical excursion of the bodies is significantly smaller than their physical size. In the case of Atlas, the current inclination 45 iAtlas=0.003° leads to a vertical excursion of ~7 km from the midplane, which is comparable to the size of the body. This results in a slight shift of the maximum probability of q from zero to a few degrees. The Supplementary Figure 7 represents the distributions of Vimp/Ve and q in the case where the moonlets had inclinations comparable with the current inclination of Atlas prior to collision. The maximum of the distribution in q is shifted to a few degrees, while Vimp/Ve is shifted toward smaller values.
Iapetus modeling
We investigate potential ridge-forming collisions at large, Iapetus-sized, scales using a relatively narrow range of mass ratios from 1:1 to 5:4, impact angles ranging from 0 to 10° and velocities Vimp/Vesc from 1 to 1.5 ( Supplementary Figures 8 and 9 ). We use homogenous nonporous bodies with densities of 1100 kg/m Merging collisions at large (Iapetus-size) scales, investigating a range of impact angles and mass ratios. The impact velocity is Vimp/Vesc = 1.375. We note that long-term relaxation (not included in the computation) will lead to shapes closer to hydrostatic equilibrium, which are more akin to that of Iapetus.
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